We present a natural two dimensional analog of the Luttinger model: it is derived as low energy effective model from a 2D spin-less lattice fermion system with short range repulsion and away from half filling, one part of its degrees of freedom can be treated exactly by bosonization and, as we argue, the other degrees of freedom can be treated adequately by mean field theory in a finite doping regime. Our results can be generalized to other 2D lattice fermion systems, similarly as in 1D.
Introduction. Lattice fermion systems in one dimension can be studied successfully by various different methods and are by-now well understood. One powerful approach is to perform a particular continuum limit leading to a low-energy effective model which can be solved analytically. This limit amounts to linearizing the 1D tight-binding band relation close to the Fermi surface and then taking the continuum limit such that all shortrange interactions become strictly local. In the simplest case of spin-less lattice fermions with short-range charge-charge interactions away from half-filling, one thus obtains the Luttinger model [1] which can be solved exactly using bosonization [2, 3] . It is worth stressing that "exact solution" means a lot in this case: not only the partition function but all Green's functions of the model can be computed exactly by analytical methods [4] . This method can be generalized to 1D Hubbard type systems and is the basis of a paradigm for 1D interaction fermion systems [5, 6] .
In this paper we discuss a similar approach to such lattice models in two dimensions. Starting from a 2D spin-less lattice fermion system with nearest neighbor repulsion causing a charge-density wave (CDW) gap at half-filling (see e.g. Ref. [7] ), we propose a particular partial continuum limit which makes the model amenable to an analytical, non-perturbative solution in a finite doping regime away (but not too far) from half filling. Different from the 1D case, only parts of the fermion degrees of freedom of the resulting 2D analog of the Luttinger model model can be bosonized and thus treated exactly. However, we will argue that this model is still useful since the other degrees of freedom remain gaped in a finite doping regime away from half-filling, and thus a mean field treatment of them is adequate if one is only interested in low energy properties. In this doping regime we thus obtain an exact description of the low energy physics of this 2D lattice fermion systems. Our approach should be applicable for intermediate coupling values. To our opinion, this 2D analog of the Luttinger model has also a remarkable mathematical beauty and naturalness. Previous work on bosonization of 2D fermion systems [8, 9, 10, 11, 12, 13, 14] will be discussed at the end of the paper.
The main arguments in this paper are not rigorous in the mathematical sense but rather based on physical intuition. However, the model we thus derive can be defined an treated rigorously. In fact, the model in (20) is even exactly solvable, and it provides a natural two dimensional analog of a well-known 1D conformal field theory model. We thus hope that this work is of interest also to mathematical physicists.
Notation. We consider a 2D cubic lattice Λ with N 2 sites and with corresponding Brillouin zone (BZ) Λ * . Lattice sites in Λ are denoted as x, y and momenta in Λ * as k, k ′ . We introduce a lattice constant a > 0 so that x = (x 1 , x 2 ), x 1,2 = a×(integer), and k = (k 1 , k 2 ), |k 1,2 | < π/a, and our volume cut-off is such that
√ 2 and L = N a is the system size. Fermions operators ψ(x) are normalized such that {ψ(x), ψ † (y)} = a −2 δ x,y and act on a Fock space with vacuum |0 such that ψ(x)|0 = 0. Fourier transform is indicated by a hat and defined as follows,
and similarly for ψ †ψ (k) etc. We will also use the abbreviationã = 2 √ 2a.
Definitions. The lattice model we consider is defined by the Hamiltonian
where the free part is
with ǫ(k) = −2t[cos(ak 1 ) + cos(ak 2 )] the tight binding band relation,
the fermion number operator, µ the chemical potential, and the interaction is
with V (x, y) = U/4 > 0 for |x−y| = a and zero otherwise; the hopping constant t and the coupling strength U both are positive. This model describes fermions on the 2D lattice Λ with hopping and repulsive charge-charge interactions between nearest neighbor sites. The filling parameter is defined as ν = N /N 2 where · is the ground state expectation value. Half filling corresponds to ν = 1/2, and ν − 1/2 is referred to as doping. Due to particle-hole symmetry we can restrict ourselves to ν ≥ 1/2.
Derivation of the low energy effective model. We now propose a way to simplify this model which, as we argue, is such that the low energy physics is not (much) affected. For that we follow the strategy which has been successfully used in 1D and assume that there is some Fermi surface dominating the low energy physics, and we can modify, ignore or add freedom far away from this Fermi surface (in the latter two cases we need to correct the definition of doping, of course).
The relevant Fermi surface at half filling and without interactions is the square |k 1 ± k 2 | = π/a (the large diamond in Fig. 1 ), and we assume that the Fermi surface will remain close to this even with interactions and away from half filling. It is important to note that the band relation has a very different behavior in different regions of the BZ close to this Fermi surface. To make this explicit we select six representative points Q r,α /a labeled by two indices r = ± and α = 0, ± as follows,
(the dots in Fig. 1 ), and we approximate the band relation close to these points as follows,
The sign "≃" here and in the following means that both sides are essentially equivalent as far as low energy properties of the model are concerned. At half-filling we have Q = π/2, and, for symmetry reasons, the relevant Fermi surface should always contain four such points Q r,± , r = ±, for some value of Q. Thus the band relation is hyperbolic close to the vertices Q r,0 /a of the square Fermi surface, and it is linear with a constant Fermi velocity v F close to the midpoints of the sides Q r,± /a. At half filling and sufficiently large coupling the systems is in a CDW state which, in mean fields theory, is described by a CDW gap ∆ changing the band relations to ± ǫ(k) 2 + ∆ 2 , and this state is insulating (see e.g. Section IV.A in Ref. [7] ). We now assume that there is a finite doping region 1/2 < ν < ν c where the midpoints of the Fermi surface move to Q r,± /a with Q > π/2, and in this regime the CDW gap is absent in the midpoint regions while it is still present in the vertex regions. In this regime doping is increased by increasing Q.
To motivate this assumption we recall that the hyperbolic behavior of the band in the vicinity of the vertices leads to the logarithmic singularity of the density of states which gives the dominating contribution to the (mean field) free energy gain caused by the CDW gap [15] . Moreover, mean field theory predicts a finite doping regime away from half filling in which neither the CDW state nor the normal state (i.e. the one with ∆ = 0) can be thermodynamically stable. The reason is that, as one increases the chemical potential µ, doping does not change until µ reaches the gap ∆, but before that happens the free energy of the normal state becomes lower than the CDW free energy which, at the µ-value where both are degenerate, has a finite doping ν = ν c > 1/2 (see Ref. [16] for a detailed explanation of this point for a similar model). We stress that this doping regime is significant and the gap is quite large, e.g. ν c ≈ 0.611 and 0.661 and ∆/t ≈ 1.06 and 1.88 for U/t = 4 and 6, respectively [17] . It thus is natural to assume that the least costly way for the system to get doped is to abandon the gap only in the midpoint regions. Further support for this assumption comes from the results obtained from it, as discussed below. r,α , r = ±, α = 0, ±. The six dots mark the points Q r,α /a in (5) for filling ν = 0.55. The regions Λ * r,α are equal to the six-sided polygons (for α = ±) and small diamonds (for α = 0) shifted such that the corresponding points Q r,α /a coincide with the origin of the coordinate system. Shown are also the half-filled square Fermi surface (large diamond) and the assumed interacting Fermi surface for the midpoint fermions (dashed lines). Note that k 1,2 are only defined up to integer multiples of 2π/a.
To implement these assumptions we divide the BZ in six regions as shown in Fig. 1 (the areas enclosed by boldface lines), and we name the fermion degrees of freedom in these regions as follows,ψ
where the momenta k are now restricted to small BZs Λ * r,α containing only momenta satisfying |k ± | < π/ã for α = 0 and |k −α | ≤ π/ã, 0 < r(k 1 + Q/a), rα(k 2 + Q/a) < π/a for α = ±. We now approximate the free part of the Hamiltonian as follows,
where, here and in the following, sums over r and α are over r = ± and α = 0, ± unless stated otherwise. We thus trade the qualitatively different regions in the BZ for six different fermions flavors r, α. Note that N = r,α N r,α with
It is now straightforward to generalize the procedure which has been used in 1D to derive low energy approximation of the interaction part of a lattice fermion Hamiltonian [18] . Inserting
into (4), keeping only the non-oscillatory terms, and dropping terms O(a) we obtain
where
are the fermion densities, and the coupling parameters are
here and in the following we suppress common arguments x of densities and field operators when possible without danger of confusion. It is important to note that we assumed Q = π/2 since, similarly as in 1D [18] , we otherwise should keep backscattering terms for the midpoint fermions and which would open a midpoint fermion gap. This is consistent with our assumptions since Q = π/2 corresponds to half filling, as shown below. We also dropped terms ρ r,α (x)ρ r,α (y) = O(a) for nearest neighbor sites x, y. We note that this procedure to obtain the interaction in (12) is formal but equivalent to writing the interaction term in (4) in Fourier space, inserting (8) , and modifying, ignoring or adding certain terms involving degrees of freedom far from the Fermi surface, similarly as in 1D [18] . We now normal order all fermions operators with respect to some reference state |D ("Dirac sea") which we choose such that the midpoint fermion states are filled up to the Fermi surface through the points Q r,± /a parallel to the half-filled one (the dashed lines in Fig. 1) , and the vertex fermions are half-filled. We can define this state by the following conditions,ψ
andψ † r,0 (k)|D = 0 orψ r,0 (k)|D = 0 if rk + k − > 0 or < 0, respectively. By simple geometric considerations we find that the contribution of each vertex-and midpoint region to the total filling ν of this state is ν v = 1/16 and ν m = (Q/π −1/8)/4, respectively, which implies ν = 2ν v + 4ν m = Q/π where π/4 < Q < 3π/4. Denoting normal ordering with respect to this state by colons, and normal ordered fermion densities as
we obtain H = :
where the primed Hamiltonian is expressed in terms of normal ordered densities, and : N m : = r,α=± : N r,α : and : N v : = r : N r,0 : are particle number operators relative to the reference state |D . As will be discussed, the groundstate expectation values of : N m,v : both are zero in the parameter regime of interest to us, and thus the filling of the groundstate is identical with
The constant E 0 is the energy of the state |D and will be ignored in following. By straightforward computations we find the following effective chemical potentials for the midpoint and vertex fermions, µ m = µ − ǫ 0 − [2Q sin 2 (Q)/π + cos 2 (Q)/2 + cos(Q)/4]U and µ v = µ − (2Q/π)U, respectively. To have a Fermi surface as assumed we require µ m = 0, and this implies
It is interesting to note that particle-hole symmetry requires that µ v changes sign under the transformation Q → π/2 − Q, and this provides a useful check for the computation leading to this result (some details of this computation are somewhat delicate and will be given elsewhere).
We now can perform a partial continuum limit by replacing Λ * r,± above by the sets Λ * ± containing all momenta k such that |k ∓ | < π/ã, i.e., we drop the restriction on k ± . We thus obtain a 2D analog of the Luttinger model which is formally defined by the Hamiltonian
is the midpoint part (∂ ± means ∂/∂x ± ), and
is the vertex including the mixed terms. It is important to note that the proper interpretation of these formulas is in Fourier space: the different fermion flavors ψ r,α come with different BZs Λ * α , as defined above (
. For the fermions ψ r,+ (x) this implies that only the variable x + is continuous while x − lives on a 1D lattice with lattice constantã and length L, and similarly for ψ r,+ (x) with x + and x − interchanged. Thus the integrals here should be (partly) interpreted as Riemann sums. In particle physics parlance, 1/ã is a UV cutoff which is needed to give a precise mathematical meaning to this model.
It is interesting to note that our choice for the regions Λ * α can be easily generalized. For example, it would be natural to introduce an additional parameter allowing to change the widths of the midpoint regions Λ * ± , and this parameter can then be determined by minimizing the total free energy. Moreover, for all we do it would not be necessary to insert the simplified bands ǫ r,0 for the corner fermions, and we mainly do this here for aesthetic reasons.
Bosonization and partial exact solution. The Hamiltonian in (20) and our previous discussion imply that the fermions ψ r,+ (x) can be treated as a bunch of 1D Dirac fermions where x + plays the role of the 1D space variable and x − is like a flavor index. We thus can use the standard mathematical results of 1D bosonization [18, 6] . These imply that normal ordered densities J r,+ = : ψ † r,+ ψ r,+ : obey the following commutator relations, [J r,+ (x), J r ′ ,+ (y)] = δ r,r ′ r i 2πã 
where d 2 x stands for dx + x −ã . These and similar formulas for ψ −,r imply that the operators
obey the commutator relations of standard 2D boson fields: [Φ ± (x), Π ± (y)] = iδ 2 (x − y) etc., and by straightforward computations we find that the midpoint Hamiltonian can be expressed in terms of these bosons as follows,
It is important to note that this Hamiltonian is positive definite only if γ < 1, and this implies an upper bound on the interaction strength, as in 1D. Fortunately, this bound (U < 4πt/ sin(Q)) is satisfied for the parameter values we are primarily interested in (U = 5t or so). It is remarkable that this latter Hamiltonian makes sense also in the limitã ↓ 0. We thus obtained an exact representation of the 2D Luttinger model as a system of non-interacting bosons coupled to the interacting vertex fermions. The boson Hamiltonian in (25) can be diagonalized by standard methods, and we find H m =
